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Figure 4.3. Construction of f in Exercise 4:6.1.

(e) Give an example of a A-measurable function g (even a continuous one) such that i({x s f(x) = g(a
1.

4.6 Additional Problems for Chapter 4

4:6.1 Let K be the Cantor ternary set, and let {(a,,b,)} be the sequence of intervals complementary to
K in (0,1). For each n € IN, let ¢, = (an + b,,)/2. Let f = 0 on K be linear and continuous on
[an, cn] and on [c,, by,], with the values f(c,,) as yet unspecified (see Figure 4.3). What conditions
on the values f(c,) are necessary and sufficient (a) for f to be continuous, (b) for f to be a Baire
1 function, or (c) for f to be of bounded variation? (See Exercise 4:6.2).

4:6.2¢ (Baire functions and Borel functions) For this problem, all functions are assumed finite
unless explicitly stated otherwise. Let By consist of the continuous functions on an interval X C

IR. We do not assume X bounded.
(a) For n € IN, let B,, consist of those functions that are pointwise limits of sequences of func-

tions in B,,_1. The class B, is called the Baire functions of class n or the Baire-n functions.
Prove that if f € Bj then, for all o € IR, the sets {x : f(z) > a} and {z: f(z) < a} are of

type Fo.
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Show that, if f € By, then for all a € IR the sets
{z: f(z)>a} and {z: f(z) <a}
are of type Gs,.

Show that a function f : X — IR that is continuous except on a countable set is in Bj.
(Compare with Exercise 4:1.16.)

Let f = Xg- Show that f € By \ Bs.
Prove that B; is closed under addition and multiplication.

Let {M,} be a sequence of positive numbers and suppose that > > | M, < oo. Let {f,} C
By with | f,(z)] < M, for all n € N and all z € X. Prove that > " | f, € Bi.

Prove that if f,, — f [unif] and f,, € By for all n € IN then f € B;.

[Hint: Choose an increasing sequence {ny} of positive integers such that limy ny = oo and
| (2) — f(x)] < 27% on X. Then apply (f) appropriately.]

Prove that the composition of a function f € B; with a continuous function is in Bj.

Prove the converse to part (a): If for every o € IR the sets {z : f(z) > a} and {z: f(z) < a}
are of type F,, then f € B;.

Prove that if f is differentiable then f’ € B;.
Prove that if {f,,} C By then sup f, € By. [This assumes that sup f, is a finite function.]

Prove that if {f,} C Bg then limsup,, f,, € Bs. [This assumes that limsup f, is a finite
function. ]

Prove that if f is finite a.e. and measurable on X then there exists g € By such that f = ¢
a.e..
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(n)

(p)

Give an example of a finite Lebesgue measurable function on IR that agrees with no g € B;
a.e..

[Hint: Using Exercise 2:14.9, let f = x, where A(I N A) > 0 and A(I \ A) > 0 for every open
interval I. Show that if g € By and g = f a.e. then {z: g(z) = 0} and {x : g(z) = 1} are
disjoint, dense subsets of IR of type Gs. This violates the Baire category theorem for IR.]

The smallest class of functions that contains By and is closed under the operation of taking
pointwise limits is called the class of Baire functions. It is true, though difficult to prove,
that for each n € IN there exists f € By+1 \ B,. Show that there exists a Baire function g on
X = [0,00) that is not in any of the classes B,.

[Hint: Let g € Bpt1 \ Bn on [n,n+1).]

This function is in the class B,,, where w is the first infinite ordinal. One then defines
B.+1 as those functions that are limits of sequences of functions in B,,. Using transfinite
induction, one obtains classes B, for every countable ordinal. One can show that for every
countable ordinal v there exist functions f € B, \ Ug., Bs. One can also show that the class
of Baire functions on the interval X is exactly the class of Borel measurable functions.

Use the fact that there are Lebesgue measurable sets that are not Borel sets to show that
there are Lebesgue measurable functions that are not Baire functions.

4:6.3 Show that a function f : IR* — IR that is continuous in each variable separately is a Baire 1
function. (This is the original problem that led Baire to this line of research.)

[Hint: Define

if 127

Fn(:r7y) = f((Z + 1)27n7y)[x - 12777,] - f(7’27n7y)[‘r - (l + 1)27’”]

" < 2 < (i +1)27™ for some integer 4. Show that F), is continuous on IR? and 2"F,, — f

pointwise. |
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4:6.4 Construct a function f : [0,1] — [0, 1] as follows. Let {I,,} be an enumeration of the open intervals
in [0, 1] having rational endpoints. For each n € IN, let K,, C I,, be a Cantor set of positive Lebes-
gue measure such that the sequence {K,} is pairwise disjoint and > > | A\(K,,) = 1. Define f,, on
K,, to be continuous on K, nondecreasing, and such that f,(K,) = [0, 1]. Let

| falw), ifxe Ky
f@) = { 0, if 2 € [0,1] \UpZ, Kn.

Show that f is Lebesgue measurable.

Show that f(I) = [0,1] for every open interval I C [0, 1].

(a)
(b)
(¢) Using the sets K, find continuous functions on [0, 1] that approximate f in the Lusin sense.
(d) Refer to Exercise 4:6.2. Does there exist g € B; such that g = f [a.e.]?

(e) Give an example of a function g € By for which f = g [a.e.]. [Hint: Easy.]

4:6.5 Measurability can be expressed as a separation property. Let u* be an outer measure on a space
X. Show that a function f : X — [—o0, +00] is measurable with respect to p* if and only if

() 2 (TN o € X & f(@) <ah) +p*(T N {z € X : f(z) > b))
forall T'C X and all —0co < a < b < 0.
4:6.6 Let (X, M, ) be a measure space and, for every measurable function f : X — [—o0, +00], define

£l = inf {r:p({z: [f(@)] >r}) <r}.

(2) Show that u ({z: £(@)] > I£1l,}) < If1l
(b) Check the triangle inequality || f + gl|,, < [[fll, + llgll,,-
(c) Show that f, — f in p-measure if and only if || f, — f||, — 0.



Section 4.6.

Additional Problems for Chapter 4 321
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Show that, if f = x,, then [lcf[|, = inf{c, u(A)} for any 0 < ¢ < oo. In particular, it is not
true in general that [cf||, = c[[f] .-

Show that, for ¢ > 0,
lesll, < max {I£1l, el £1l, }
and hence that |[cf|, — 0 as | f[|, — 0.
Show that if u({z : f(z) # 0}) < oo and p{z : [f(z)| = oo} = 0 then [[cf||, — 0 as ¢ — 0.

Show that every Cauchy sequence {gx} in measure has a subsequence that converges both
p—almost everywhere and in measure.

[Hint: Pick an increasing sequence N (k) so that
||g’L _ g]Hy, S 2_n

whenever i > j > N(k).]
Show that if

o0

Z llgk+1 — grll, < o0

k=1
then {gi} converges to some function g p—almost everywhere, and [|gx — g||,, converges to 0.
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