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Figure 4.3. Construction of f in Exercise 4:6.1.

(e) Give an example of a λ-measurable function g (even a continuous one) such that λ({x : f(x) = g(x)
1.

4.6 Additional Problems for Chapter 4

4:6.1 Let K be the Cantor ternary set, and let {(an, bn)} be the sequence of intervals complementary to
K in (0, 1). For each n ∈ IN, let cn = (an + bn)/2. Let f = 0 on K be linear and continuous on
[an, cn] and on [cn, bn], with the values f(cn) as yet unspecified (see Figure 4.3). What conditions
on the values f(cn) are necessary and sufficient (a) for f to be continuous, (b) for f to be a Baire
1 function, or (c) for f to be of bounded variation? (See Exercise 4:6.2).

4:6.2♦ (Baire functions and Borel functions) For this problem, all functions are assumed finite
unless explicitly stated otherwise. Let B0 consist of the continuous functions on an interval X ⊂
IR. We do not assume X bounded.

(a) For n ∈ IN, let Bn consist of those functions that are pointwise limits of sequences of func-
tions in Bn−1. The class Bn is called the Baire functions of class n or the Baire-n functions.
Prove that if f ∈ B1 then, for all α ∈ IR, the sets {x : f(x) > α} and {x : f(x) < α} are of
type Fσ.
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318 Measurable Functions Chapter 4

(b) Show that, if f ∈ B2, then for all α ∈ IR the sets

{x : f(x) > α} and {x : f(x) < α}
are of type Gδσ.

(c) Show that a function f : X → IR that is continuous except on a countable set is in B1.
(Compare with Exercise 4:1.16.)

(d) Let f = χ
Q

. Show that f ∈ B2 \ B1.

(e) Prove that B1 is closed under addition and multiplication.

(f) Let {Mn} be a sequence of positive numbers and suppose that
∑∞

n=1Mn <∞. Let {fn} ⊂
B1 with |fn(x)| ≤Mn for all n ∈ IN and all x ∈ X. Prove that

∑∞
n=1 fn ∈ B1.

(g) Prove that if fn → f [unif] and fn ∈ B1 for all n ∈ IN then f ∈ B1.

[Hint: Choose an increasing sequence {nk} of positive integers such that limk nk = ∞ and
|fnk

(x) − f(x)| < 2−k on X. Then apply (f) appropriately.]

(h) Prove that the composition of a function f ∈ B1 with a continuous function is in B1.

(i) Prove the converse to part (a): If for every α ∈ IR the sets {x : f(x) > α} and {x : f(x) < α}
are of type Fσ, then f ∈ B1.

(j) Prove that if f is differentiable then f ′ ∈ B1.

(k) Prove that if {fn} ⊂ B1 then sup fn ∈ B2. [This assumes that sup fn is a finite function.]

(l) Prove that if {fn} ⊂ B0 then lim supn fn ∈ B2. [This assumes that lim sup fn is a finite
function.]

(m) Prove that if f is finite a.e. and measurable on X then there exists g ∈ B2 such that f = g
a.e..
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(n) Give an example of a finite Lebesgue measurable function on IR that agrees with no g ∈ B1

a.e..

[Hint: Using Exercise 2:14.9, let f = χ
A

where λ(I ∩ A) > 0 and λ(I \ A) > 0 for every open
interval I. Show that if g ∈ B1 and g = f a.e. then {x : g(x) = 0} and {x : g(x) = 1} are
disjoint, dense subsets of IR of type Gδ. This violates the Baire category theorem for IR.]

(o) The smallest class of functions that contains B0 and is closed under the operation of taking
pointwise limits is called the class of Baire functions. It is true, though difficult to prove,
that for each n ∈ IN there exists f ∈ Bn+1 \ Bn. Show that there exists a Baire function g on
X = [0,∞) that is not in any of the classes Bn.

[Hint: Let g ∈ Bn+1 \ Bn on [n, n+ 1).]

This function is in the class Bω, where ω is the first infinite ordinal. One then defines
Bω+1 as those functions that are limits of sequences of functions in Bω. Using transfinite
induction, one obtains classes Bγ for every countable ordinal. One can show that for every
countable ordinal γ there exist functions f ∈ Bγ \⋃β<γ Bβ . One can also show that the class
of Baire functions on the interval X is exactly the class of Borel measurable functions.

(p) Use the fact that there are Lebesgue measurable sets that are not Borel sets to show that
there are Lebesgue measurable functions that are not Baire functions.

4:6.3 Show that a function f : IR2 → IR that is continuous in each variable separately is a Baire 1
function. (This is the original problem that led Baire to this line of research.)

[Hint: Define

Fn(x, y) = f((i+ 1)2−n, y)[x− i2−n] − f(i2−n, y)[x− (i+ 1)2−n]

if i2−n ≤ x < (i + 1)2−n for some integer i. Show that Fn is continuous on IR2 and 2nFn → f
pointwise.]
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320 Measurable Functions Chapter 4

4:6.4 Construct a function f : [0, 1] → [0, 1] as follows. Let {In} be an enumeration of the open intervals
in [0, 1] having rational endpoints. For each n ∈ IN, let Kn ⊂ In be a Cantor set of positive Lebes-
gue measure such that the sequence {Kn} is pairwise disjoint and

∑∞
n=1 λ(Kn) = 1. Define fn on

Kn to be continuous on Kn, nondecreasing, and such that fn(Kn) = [0, 1]. Let

f(x) =

{
fn(x), if x ∈ Kn;
0, if x ∈ [0, 1] \⋃∞

n=1Kn.

(a) Show that f is Lebesgue measurable.

(b) Show that f(I) = [0, 1] for every open interval I ⊂ [0, 1].

(c) Using the sets Kn, find continuous functions on [0, 1] that approximate f in the Lusin sense.

(d) Refer to Exercise 4:6.2. Does there exist g ∈ B1 such that g = f [a.e.]?

(e) Give an example of a function g ∈ B2 for which f = g [a.e.]. [Hint: Easy.]

4:6.5 Measurability can be expressed as a separation property. Let µ∗ be an outer measure on a space
X. Show that a function f : X → [−∞,+∞] is measurable with respect to µ∗ if and only if

µ∗(T ) ≥ µ∗(T ∩ {x ∈ X : f(x) ≤ a}) + µ∗(T ∩ {x ∈ X : f(x) ≥ b})

for all T ⊂ X and all −∞ < a < b < +∞.

4:6.6 Let (X,M, µ) be a measure space and, for every measurable function f : X → [−∞,+∞], define

‖f‖µ = inf {r : µ ({x : |f(x)| > r}) ≤ r} .

(a) Show that µ
(
{x : |f(x)| > ‖f‖µ}

)
≤ ‖f‖µ.

(b) Check the triangle inequality ‖f + g‖µ ≤ ‖f‖µ + ‖g‖µ.

(c) Show that fn → f in µ–measure if and only if ‖fn − f‖µ → 0.
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(d) Show that, if f = χ
A

, then ‖cf‖µ = inf{c, µ(A)} for any 0 ≤ c < ∞. In particular, it is not
true in general that ‖cf‖µ = c ‖f‖µ.

(e) Show that, for c > 0,

‖cf‖µ ≤ max
{
‖f‖µ , c ‖f‖µ

}

and hence that ‖cf‖µ → 0 as ‖f‖µ → 0.

(f) Show that if µ({x : f(x) 6= 0}) <∞ and µ{x : |f(x)| = ∞} = 0 then ‖cf‖µ → 0 as c→ 0.

(g) Show that every Cauchy sequence {gk} in measure has a subsequence that converges both
µ–almost everywhere and in measure.

[Hint: Pick an increasing sequence N(k) so that

‖gi − gj‖µ ≤ 2−n

whenever i ≥ j ≥ N(k).]

(h) Show that if
∞∑

k=1

‖gk+1 − gk‖µ <∞

then {gk} converges to some function g µ–almost everywhere, and ‖gk − g‖µ converges to 0.
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absolutely continuous function, 69, 370, 371
absolutely continuous measure, 275
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Cantor ternary set, 8, 137, 233, 614
Cantor theorem, 12
Cantor’s uniqueness theorem, 1066
Cantor, G., 12, 98, 1066
Cantor–Bendixson theorem, 20
Cantor–Lebesgue theorem, 1068
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compact metric space, 641
compact operator, 810, 975
compact set, 12
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continuity of derivative, 739
continuous function, 602
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266, 268, 276, 277, 289
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convergence
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convergence in measure, 292, 350
convergence in probability, 292
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mean convergence, 390
uniform convergence, 16, 80, 392, 394
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convergence of sets, 127
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function, 812
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convolution, 919
coordinate-wise convergence, 742
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countable ordinals, 27
countable subadditivity, 142
countably additive, 47, 106
countably subadditive, 109, 123
counting measure, 125
Cousin theorem, 13
Cousin, P., 12
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Vitali, 243, 529, 567

covering family, 149
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Denjoy–Young–Saks theorem, 492, 511
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density, 501
density point, 501, 545
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derivative, 569

lower derivative, 569
lower ordinary derivative, 522
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strong derivative, 526
unboundedness of, 70
upper derivative, 569
upper ordinary derivative, 522

derivatives
discontinuous, 363

derived number, 446
ordinary, 522
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Dieudonné, J., 811
differentiability of Lipschitz functions, 510
differentiable
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Hausdorff dimension, 233
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Dirichlet kernel, 1013
Dirichlet’s theorem, 1044
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distribution function, 213
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equivalent metrics, 609
equivalent norms, 867
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Fejér theorem, 1021
Fejér, L., 1017
Fejér–Lebesgue theorem, 1024
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finite measure space, 170
finite-dimensional, 997
finitely additive measure, 47, 111, 112
finitely additive set function, 47, 111
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Fischer, E., 1059
fixed point, 627
Foran, J., 274
Fort’s theorem, 34
Fourier coefficients, 961, 1006
Fourier series, 959, 961, 1006

divergence of, 1049
in Hilbert space, 1055
real form, 1009
term-by-term integration, 1042
uniform convergence, 1027
uniqueness of coefficients, 1029

Fourier transform, 923
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Sierpiński, W., 63, 443
σ-additive set function, 122
σ–algebra, 47
σ-finite measure space, 170
σ-ideal of sets, 39
σ-porous set, 515
signed measure, 121
simple function, 304
singular function, 480
smallest σ–algebra, 49, 124
smallest algebra, 117
Smı́tal, J., 518
Smith, H. J., 41
smooth function, 1060
Sobczyk, A., 812
Solovay, R. M., 55
space

of Lebesgue–Stieltjes measures, 733
of automorphisms, 726
Baire space, 589, 744
Banach space, 786
complete measure space, 137
dual space, 828
Euclidean space, 900
Hilbert space, 942

inner product space, 900, 942
linear space, 784
measure space, 121
metric linear space, 787
normed linear space, 786
of irrationals, 748
Polish space, 748
product space, 741
topological space, 669
vector space, 785

spectral theory, 984
spectrum, 984
Sprecher, D., ii, 731
Steiner, J., 662
Steinhaus’s theorem, 938
Steinhaus, H., 852, 938
step function, 83, 308, 353
Stieltjes, T. J., 82, 207, 834
Stone, M. H., 657
Stone–Weierstrass theorem, 657
strategy, 688
Stromberg, K., 909
subadditive functional, 812
subspace, 584
successive approximations, 628
summability method, 857, 1063
summable, 345

ClassicalRealAnalysis.com

Bruckner*Bruckner*Thomson Real Analysis, 2nd Edition (2008)



1094 Subject Index

summable (R′), 1066
summable (R), 1066
sup metric, 592
sup norm, 789
Suslin operation, 62, 768
Suslin, M., 62
Suslin-F set, 768
symmetric derivative, 1060, 1065
symmetric difference, 118, 273
Sz.-Nagy, B., 635

Tarski, A., 825
Tauber, A., 1021
Tchebychev inequality, 336
Tchebychev polynomials, 1034
Tchebychev, P. L., 1034
Tietze extension theorem, 310
Tietze, H., 310
Toeplitz theorem, 859
Toeplitz, O., 858
Tonelli’s theorem, 438, 920
Tonelli, L., 421
topological equivalence, 609
topological property, 609
topological space, 669
topologically complete space, 711
topology, 669

product topology, 742
total variation, 66, 114, 136, 257
totally bounded, 645, 646
totally imperfect set, 96, 266
transfinite induction, 29
transfinite ordinals, 25
tree, 771

well-founded, 771
triangle inequality in a metric space, 181
trigonometric polynomial, 1004
trigonometric series, 1004
typical, 684

bounded derivative, 739
compact set, 686
continuous function, 684, 691, 720, 732, 734,

736, 1049
derivative, 733
differentiable function, 726
homeomorphism, 726
measurable set, 686
measure, 733

typically, 683

Ulam number, 162
Ulam’s theorem, 161
Ulam, S. M., 160
uncountable, 16

ClassicalRealAnalysis.com

Bruckner*Bruckner*Thomson Real Analysis, 2nd Edition (2008)



Subject Index 1095

uniform absolute continuity, 398
uniform boundedness principle, 853, 957, 1051
uniform continuity, 643
uniform convergence, 16, 394
uniform metric, 592
uniformly bounded family of functions, 648
unit, 807
unitary, 998
upper boundary, 356
upper derivate, 248
upper integral, 336
upper semicontinuous, 11
upper variation, 114
Urysohn, P., 605

van Douen, E. K., 443
variation

absolute variation, 114, 136
bounded variation, 66, 113
BV, 66
lower variation, 114
negative variation, 114, 134
positive variation, 114, 134
total variation, 114, 136
upper variation, 114
VB, 66
VBG∗, 491

VB, 66
VBG∗, 491
vector measure, 175
vector space, 785
Vitali cover, 243, 447, 529, 567
Vitali covering property, 567
Vitali covering theorem, 245, 249, 448
Vitali’s theorem, 398
Vitali, G., 53, 159, 377, 448
Volterra’s example, 78
Volterra, V., 78, 327
von Neumann, J., 565

Wagon, S., 825
weak convergence, 864, 928

in Hilbert space, 968
weak sequential compactness, 928
Weierstrass approximation theorem, 616, 657,

1032
Weierstrass, K., 657, 717
Weil, C., 723
well-founded tree, 771
well-ordered, 26
well-ordering principle, 26
Wiener, N., 784
Woodin, W. H., 776

Yaglom, I. M., 666

ClassicalRealAnalysis.com

Bruckner*Bruckner*Thomson Real Analysis, 2nd Edition (2008)



1096 Subject Index

Yorke, J.A., 738
Young, G. S., 737
Young, Grace Chisolm, 511
Young, W. H., 444, 513

Z, 3
Zarecki, M. A., 467
Zermelo, E., 18
Zermelo–Fraenkel set theory, 55
Zorn’s lemma, 56
Zorn, M., 56
Zygmund, A., 1003

ClassicalRealAnalysis.com

Bruckner*Bruckner*Thomson Real Analysis, 2nd Edition (2008)




