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In a recent correspondence with one of  the authors, Lee Rubel asked whether 
every solution (on the plane R 2) of  the partial differential equation 

Ou Ou 
~ ~ 0  
Ox Oy 

must be a function of  one variable. For solutions in cg,,, the question is easily an- 
swered: differentiate uxuy=0 with respect x and y, then multiply these equation 
by ux and uy respectively, we obtain after addition 2! ~ _ (ux+uy)uxy-O. If  in a point 
pER 2 we had u~y#0 then uZ~+u~=0 would imply u=const ,  thus one finds that 
a solution must satisfy u~y=0 on R ~, whence u is of  the form u(x, y)=f(x)+g(y)  

Ou Ou 
and Ox Oy =f'(x)g'(y). If  g'(yo)#O, then f ' - 0 ,  so u(x,y)=g(y)+constant. 

In a later correspondence Rubel mentioned that W. Jockusch had obtained an 
affirmative answer under the assumption that u~gl(R~). 

The purpose of  the present note is to show that Rubel's question has an affirm- 
ative answer whenever the equation makes sense; that is, whenever both partials 
of  u exist on all of  R 2. In fact, our theorem shows a bit more. I f  u is cont inuous 
in each variable separately and at each point in R ~ one of  the partials vanishes, 
then u is a function of  one variable. We do not assume that both partials exist at 
every point. 

Our method is to first establish the result under the assumption that u is con- 
tinuous and then to show that the hypotheses of  our theorem actually imply 
continuity. 

LF.I~tA 1. Let u be continuous on a neighbourhood of  a closed rectangle R c R  ~, 
let p be the lower left ~ vertex of  R, and let C be the component of  the set 
{qE R; u(q)=u(p)} containing p. Suppose that at each point of  R at least one of  the 
partial derivatives exists and vanishes. Then C intersects at least one of  the two edges 
of  R not containing p. 

PgooF. If  C does not intersect either of the two edges of R not containing p, we 
use the compactness of  {qER; u(q)=u(p)} to find disjoint relatively open subsets 
U and V of  R such that p~ U, the union of  the two edges of  R not containing p is 
a subset of  V, and {qER; u(q)=u(p)}cUOV. (This follows, for example, from 
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the equality of components and quasi-components in compact spaces. See [1, w 47, II, 
Theorem 2].) Since u is continuous and R is compact, we may find 5>0 such that 
lu(q)-u(p)l>=2e(Iql-pll+lqz-p21) for every qER\(UUV) .  Let r be the largest 
point in the lexicographic order of the set {qE U; lu(q)-u(p)l  =<e(lql-Pll + Iqz-P2])}. 
Since [u(s)-u(p)l>=2e(ISx-p~lWlsz-pz[) for every sEU~U, r belongs to U. 
Consequently, lu(q)-u(r)l-->e(Iq~-rll + Iq2-rzl) whenever q is sufficiently close to 
r, q~>=r~, and q2>=r~. But this contradicts the assumption that u~=O or ur=0.  

LEMMA 2. Suppose u, R, and p satisfy the conditions of  Lemma 1. Then the value 
of  u at one of  the corners of  R adjacent to p is equal to u(p). 

PROOF. Let r be a corner of R adjacent to p such that the component Co of 
the set {qE R; u(q)= u(p)} containing p meets the edge not containing p and having 
r as one of the end points. Using Lemma 1 in a symmetric situation, we see that 
the component C~ of the set {qER; u(q)=u(r)} containing r meets at least one of  
the two edges of  R not containing r. But then Co 0 C~ ~ 0, which immediately shows 
that u(r)=u(p). 

LEMMA 3. Let u be a continuous function defined in an open rectangle. Suppose fo r 
each point of  this rectangle at least one of  the partials of  u exists and vanishes. Then u 
is a function of  one variable. 

PROOF. If  u is constant on all vertical lines, the statement holds true. Thus 
suppose that there are two points p and q with the same abscissa and with different 
values of u. Then for every point r with the same abscissa either u(r)r and 
we apply Lemma 2 to rectangles with two corners at r and p t o  deduce that u is 
constant on the horizontal line passing through r, or u(r)r and we apply the 
same Lemma to rectangles with two corners at r and q. 

L E M ~  4. Let u be defined on the plane R ~ and continuous in eac!~ variable sep- 
arately. Suppose that at each point of  the plane at least one of  the partial derivatives 
exists. Then every nonempty closed set P c R  ~ contains a portion on which u is con- 
tinuous. 

PROOF. Let pEP. Since at least one of the partial derivatives of u at p exists, 
there is n =  1, 2 . . . .  such that for every q in R 2 with [p-q l<l /n  and with the 
same abscissa (or perhaps ordinate) the inequality lu(p)-u(q) l<nlp-ql  is sat- 
isfied. For each n =  I, 2 . . . .  let A, denote those points of P for whic, h the above 
inequality holds with respect to the abscissas and B, the corresponding set with 
respect to the ordinates. The Baire Category Theorem implies that for some n one 
of the sets A, or B, is dense in a portion Q of  P. Suppose that it is A,. To show that 
u is continuous on Q it suffices to prove that for each point pEQ, 

u ( p ) =  iim u(q). 
q ~ p ; q E A  n 

Let pE Q and e>O. Because u is separately continuous, there is 0 < ~ < ~ / ( n +  1) such 
that if  r has the same abscissa as p and Ir-p[<6 then lu(r)-u(p)l<e/(n+l).  Let 
qEA, and satisfy Iq -p [<6 .  Let r b e  the point with the same abscissa as p a n d  the 
same ordinate as q. Then lu(q)-u(p)l<=lu(q)-u(r)l+lu(r)-u(p)l<-nlq-rl+ 
e/(n+ 1)<-ns/(n+ 1) +e / (n+  1)=~. 
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THEOREM. Let u be a function defined in R 2 and continuous in each variable 
separately. Suppose for each point o f  R ~ at least one o f  the partials o f  u exists and 
vanishes. Then u is a function of  one variable, i.e. ux=0 or u~=0 identically. 

PROOV. By Lemma 3, it suffices to prove u is continuous. Let E be the interior 
of  the set of  continuity points of  u. By Lemma 4 we know that E is dense in R ~. 
We show R ~ \ E  is empty. I f  this were not so, there would be, by Lemma 4 an 
open square S such that P =  S"xE is nonempty and the restriction of  u to P is 
continuous. We show in fact that u, as a function on R ~ is continuous at each point 
of  P, and this implies a contradiction immediately. Let pEP and e>0.  Let H and 
V be the horizontal and vertical lines through p, respectively. Then there is 3 > 0  
such that if  s E P U H U V  and Is-pl<0 then lu(s)-u(p)l<~. Now let qEE 
satisfy the inequality ]q -p [<3 .  

I f  u is not constant in any neighbourhood of  q, by Lemma 3, u is a function 
of  one variable, say the first, on every rectangle T satisfying qETcE.  Let W be 
the vertical line through q. It follows from the assumption of separate continuity 
that there exists a segment J c W  containing q and a point s E S N W N ( P U H )  
such that Is -p[<3 and u is constant on a r. The inequalities 

[u(q)-u(p)l --- lu(s)-u(p)l < 

establish the continuity of  u at p. 
In case u is constant in some neighbourhood of q there are two cases. Either 

there is rESN(PUHUV) ,  [ r - p l< f i  with u(r)=u(q); in that case [u(q)-u(p)[<, 
or, there is rE S NE, Ir-pl < 6 such that u is not constant in any neighbourhood of  
r and u(r)=u(q). In that case we apply the previous argument to r and once again 
obtain ]u (q) -u(p) l< t .  

Thus u is continuous on all of  S and P is empty, a contradiction. 

REMARKS. (i) It is easy to construct examples to show that the assumption of 
separate continuity cannot be dropped in the statement of  the Theorem. 

(ii) One can replace R ~ by any rectangular region in the statement of  the Theo- 
rem. The theorem fails, however, for any region that is not rectangular, even for 
~ functions. On the other hand, any counterexample on a nonrectangular region 
must be constant on some set with nonempty interior. 

(iii) Finally let us point out that there is no analogous result in higher dimen- 
sions. For example the function 

[ x e x p ( - z - 2 ) ,  if z > 0  
f ( x , y ,  z) = |0,  if z = 0 

/ y e x p ( - z - ~ ) ,  if z < O  
is in Cg(R3) and satisfies 

af  a f  Of = o 
c~x Oy c~z 

showing that uxuyu~=O does not factor. Note that this example shows even that in 
dimensions higher than two the equation u~,uy=O does not factor. 
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