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An arbitrary non-negative set function x defined on a family C of subsets of a
metric space Q (with 0 e C and x0 = 0) can be used to generate outer measures on Q:

for E cr Q and 5 > 0 define

1 = 1

1 00 00

£ T C , :C,eC, M C, => £ and
< = i f = i

<$-o

These constructions of 1 f.tx and 2\ix from T are originally due to Carath6odory and
Hausdorff and are now, following Munroe [4], commonly referred to as Methods I
and II respectively. Both constructions generate outer or Caratheodory measures but
the latter yields a measure which has many properties compatible with the topology
on Q.

In this paper we present two further constructions of measures from such arbitrary
set functions, constructions which share the desirable topological features of Method II.
These constructions arise from ideas of " packing", in contrast to Methods I and II
which are essentially approximations by "coverings"; what we term Method III is
due to R. Henstock [2], while Method IV arises from Henstock's [1] notion of inner
variation (which is not, however, a measure).

1. Notation and results

The terminology is modelled after Rogers [3] whose first chapter serves as an
excellent introduction to the theory of outer or Caratheodory measures.

1.1. A set function x defined on a class C of subsets of a set Q is called a premeasure
if 0 e C, 0 < xC ^ + oo for C e C, and T 0 = 0.

oo

1.2. A premeasure n defined on all subsets of Q with the property \LA ^ X ^ i
00 » = 1

if A c= (J J5f is called a measure.
i = i

1.3. A measure f.i defined on a metric space Q with metric p is said to be a metric
measure if fi(A u B) = fiA + nB whenever inf {p(x, y): x e A, y e B} > 0.

1.4. Given a premeasure x with domain C and a set I e C x Q, f(I, E) denotes the
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supremum of the non-negative numbers

I xCt: (Ch Xi)el, xteE and {CJ/Li pairwise disjoint!
i )

(for convenience, as we are considering only non-negative numbers, sup 0 = 0}.

1.5. Given a function n : fi -> 2n we denote C x Qn as the set of all (/, x) e C x O
with x 6/ c jy(x). (Here 2n is the class of all subsets of fi.)

1.6. A set function 3/zt is said to have been constructed from the premeasure x on
a metric space Q, by Method III if for E c Q

where the infimum is with regard to all functions tj on Q, which map each x e fi to a
neighbourhood of x.

1.7. A subset N of C x Q is said to cover E c fi ^z«e/j; if for each * e E and each
neighbourhood T/(.X) of x there is an (/, x)eN with x e / c j/(x).

1.8. A set function Vt is said to have been constructed from the premeasure T
on a metric space Q by Method IV if for E <= Q

where the infimum is with regard to all N <= C x Cl that cover E finely (regarding as
usual inf0 = +oo).

It is well known that the Method II construction invariably yields a metric
measure; we prove this same fact for Methods III and IV.

THEOREM 1. Let x be a premeasure on a metric space Q; then the set functions
constructed from x by Methods III and IV are metric measures on Q.

Proof Let 3fix be the set function constructed from x by Method III. Clearly 3ftt
oo

is at least a premeasure; suppose i c [J 5 ( and e > 0. We may choose a function
» = i

rji: x -* neighbourhood of x so that for each i

Then a further function r\ can be chosen so that if XEB^B^^ (using Bo = 0 ) then
//(Xj) c n^Xi). Now one can verify that

Vt A ^ f(C x Qn> A) ^ £ *(Cx ft

00

Thus whenever >1 <= M Bt it follows that 3jut A ^ Z V t 5 . a nd 3Mt is a measure.

Similarly, to show that 4^t constructed from x by Method IV is a measure observe
oo

that 4jut is a premeasure and suppose A <=. (J B(. Let e > 0 and choose N j c C x Q a
i
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fine cover of Bt so that f(Ni? B() ^
 4/itB, + e/2i (if no such Nj exists then there is

00

nothing to prove). Let N = M N{ and clearly N is a fine cover of A, so that
« = i

^A^xQi.AX £ t(Nf,5,.)
i = l

< = i

and as before *fit is a measure on fi.
To show that these are metric measures, suppose A, B c Cl with inf {p(x, y) : x e A,

y e B} > 0; then there exist open sets Gx =3 A, G2 =3 £ with Gj n G2 = 0 . Let ^ be
any function mapping x e Cl to a neighbourhood of x with //(*) c Gf if x e Gf (i = 1, 2);
then clearly

f(C xQn,AvB) = f(C x £!„, A) + f(C x Q,,, B),

and from this it can be seen that

as required. Similar arguments apply to 4 /v
The measures 3 j / t and 4/*t need not be comparable, simply because there may be

no fine covers of a given set. If, however, C x Ci, is itself a fine cover of Q, then it is
easy to show that 3/ix ^

 4/zT; §2 below mentions examples illustrating that equality
can occur but fails in general. Note, moreover, that the theorem can be extended to
more general settings than metric spaces (e.g. that of Bledsoe and Morse [5]) since the
construction is based on the topology in Q rather than the metric.

A premeasure is quite a general set function and these Methods I-IV smooth its
values to a measure which need not have a great deal to do with the original pre-
measure. A question which naturally arises then is what happens when T is itself a
measure or the restriction of a measure. Rogers [3] illustrates the case for Methods I
and II and the next theorem gives a result which shows what can happen with Method
III.

THEOREM 2. Let v* be a ^5-regular metric measure on a separable metric space Q
and let v denote the restriction of v* to the closed subsets of Q. Then v is a premeasure
and 3fiv and v* coincide on sets of finite v*-measure.

Proof We show firstly that in general Vv E ^ v* E for E a Q. If v* E = + oo
there is nothing to prove, while if v* E < +00 there is, for any e > 0, an open set
G => E with v*G<v*£ + s. For any function r\: Q -> 2n with rj(x) a neighbourhood
of x and rj(x) a G for all x e G, it is evident that

3HVE < v(CxQ,, E) < v* G < v*E + e

and, as e > 0 is arbitrary, the inequality follows.
For the reverse inequality v* E < 3^v£, which we need only prove for

0 < v* E < +00, let G and rj be as above. Consider the class Ŝ of all subsets
PcCxf i , , , where C denotes the closed subsets of Q, with the properties (i) vl > 0 if
(/, x) e P, (ii) / n J = 0 if (/, x), (J, }>) e P and (/, x) ^ (J, y). ty is partially ordered
by set inclusion, non-empty (this can be obtained by repeating the arguments we use
below to establish maximality) and satisfies the hypotheses of the Hausdorff maxi-
mality principle. Let Po be a maximal element of ty.
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Clearly P o is at most countable since £{v/ : (/, x) e Po} < v* G < + oo; so suppose

Po = {(Ii,xd}?=i- We claim that v * ^ £ \ Q / ^ = 0. If not, then F = £ \ ( J / ; has

positive v*-measure and then one at least of the sets {F n rj(x): xe F} has positive
measure; this would be obvious if {F nrj(x): xeF} were countable, but as, how-
ever, we are in a separable metric space this family may be reduced to a countable one
covering the same set (e.g. Kelley [6; p. 49]). Thus there is an xoeF with
v*(Fn rj(x0)) > 0. Since v* is <S6 regular [3; Theorem 22], there is a closed set
C c F n ti(x0) with positive v*-measure. Write / 0 = C u {x0}; then P ' = {(Ih Xi)}fL0

belongs to ty and contradicts the maximality of Po. Hence we must have that

Computing from this, then

and finally v* E ^ 3/iv E as required.

2. Examples

In this section we briefly collect some examples to illustrate the preceeding.
A trivial example shows that some such restrictions as in Theorem 2 are needed.

Let Q be an uncountable metric space with the discrete metric and write vE = 0 or
oc(0 < a < + oo) according as E is countable or uncountable. Then v is a measure on
fi, but 3/AV vanishes everywhere.

For a very classical example one can take in ^-dimensional Euclidean space R" the
class C of all open rectangles R(a, b) where R(a, b) = {x = (xl5 x2,..., xn): a{ <
Xi < bt) where a = (ait a2, ..., an), b = (blt b2, ..., bn) and ai < bt (i = 1, 2, ..., n).

n

If A is defined on C by XR(a, b) = Yl {bi — a^, then X is a premeasure. Rogers [3]

proves the well-known result that Methods I and II both yield Lebesgue measure; an
application of the Vitali Theorem will show that Method III does as well. For
n ^ 2, however, it can be shown that the Method IV construction vanishes everywhere
(e.g. Munroe [4; §39] establishes that given e > 0 and an interval [c, d] in R2 there is a
fine cover N c C x J J 2 of [c,d] with I(N, [c,d]) < e). For n = 1 of course the
Method IV construction yields classical Lebesgue linear measure.
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