Contents

Table of Contents [
Preface iX
To the Instructor Xiii
1 Tilings 1
1.1 Squaringtherectangle . . . ... ... ... ......... 2
1.1.1 Continue experimenting . . . . . .. .. .. .. ... 3
1.1.2 Focusonthe smallestsquare . . . . ... ...... 3
1.1.3 Whereisthe smallestsquare . . . .. .. ... ... 4
1.1.4 What are the neighbors of the smallest square?. . . 5
1.1.5 Isthereafivesquaretiling? . . .. ... ... .... 7
1.1.6 Isthere a six, seven, or nine square tiling?. . 9
1.2 Asolution? . . . . . . . . e 10
1.2.1 Bouwkampcodes. .. ... .............. 12
1.22 Summary. . . . . . .o 13
1.3 Tilingbycubes. . . ... ... . 14
1.4 Tilings by equilateral triangles . . . . ... ... ....... 15
1.5 Supplementary material. . . . ... ... .. ......... 16
1.5.1 Squaringthesquare. . . .. ... ........... 16
1.5.2 Additionalproblems. . . . ... ... ... L. 19
1.6 Answerstoproblems . ... .. .. .. ............ 20
2 Pick’s Rule 29
21 Polygons . . . . .. ... 30
211 Onthegrid. .. ... ... ... .. .. ... ..... 30
212 Polygons. . . .. ... ... e 30
2.1.3 Insideandoutside. . . .. ... ... ......... 31
2.1.4 Splittingapolygon. . . . .. .. ... ... .. ... 32
2.1.5 Areaofapolygonalregion. . ... .......... 33
2.1.6 Areaofatriangle . .. ... ... ... ........ 33

2.2 Some methods of calculatingareas . . . . .. ... .. ... 36



2.3

2.4

2.5
2.6

2.7

Nim
3.1
3.2

3.3

3.4

3.5

CONTENTS

2.21 AnancientGreekmethod . . . ... ... ...... 37
2.2.2 Grid point credit—a new fast method? . . . . . . .. 38
Pickcredit. . . . . . . . . . ... 41
2.3.1 Experimentation and trial-and-error. . . . . . .. .. 41
2.3.2 Rectanglesandtriangles. . . . ... ... ...... 44
233 Additivity . . . ... 45
Pick'sformula. . . . . . ... ... ... ... ... ... ... 46
241 Trianglessolved. . . . ... ... ... ........ 47
2.4.2 Proving Pick’'s formulaingeneral . . . . ... .. .. 48
SUMMmMary . . . . .. e e e e e e 49
Supplementary material. . . . . ... ... ... ....... 50
2.6.1 Abitof historical background . . . . . .. ... ... 50
2.6.2 Cantbeusefulthough . .. ... ... ........ 51
2.6.3 Primitive triangulations . . . . .. .. ... ... ... 51
2.6.4 Reformulating Pick'stheorem . . . . ... ... ... 54
2.6.5 Gaming the proof of Pick’s theorem. . . . . . .. .. 54
2.6.6 Polygonswithholes. . . .. ... ... ........ 56
2.6.7 AnimprovedPickcount . . ... ........... 58
26.8 Randomgrids. ... .................. 60
2.6.9 Additionalproblems. . . .. ... .. ... ... ... 62
Answerstoproblems . . . ... ... o L. 63
95
Care foragame of tic-tac-toe?. . . . . ... .. .. .. ... 96
Combinatorialgames . . . . . .. ... ... ... 97
3.21 Two-markergames. . . . ... .. ... ... .... 98
3.2.2 Three-markergames. . . . ... ... ... ..... 99
3.2.3 Strategies?. . . . . . ... 100
3.2.4 Formal strategy for the two-marker game. . . . . . . 101
3.2.5 Formal strategy for the three-marker game. . . . . . 101
3.2.6 Balanced and unbalanced positions . . . .. .. .. 102
3.2.7 Balanced positions in subtraction games. . . . . . . 106
Gameofbinarybits . . . . ... ... oL oo 107
3.3.1 Acoingame. . .. . .. ... 107
3.3.2 A better way of looking at the coingame . . . . . .. 108
3.3.3 Binarybitsgame. . . . ... ... ... ... ..... 109
NiIM . e 113
3.4.1 The mathematical theory of Nim. . . . ... ... .. 113
342 2-pileNim. .. ... ... . ... .. .. . ... 114
343 3-pileNim. ... ... ... ... ... .. 115
3.4.4 More three-pile experiments. . . . . ... ... ... 115
3.4.5 The near-doubling argument. . . . . ... ... ... 117

Nim solved by near-doubling . . . . ... ... ........ 120



CONTENTS

3.5.1 Review of binary arithmetic. . . . . . ... ... ... 121
3.5.2 Simple solution for the game of Nim. . . . . . .. .. 123
353 Déjavu? . .. ... 124
3.6 Returntomarkergames. . . . . .. ... ... ... ..., 126
3.6.1 Mindthegap. . .. ... ... . . ... .. 127
3.6.2 Strategy for the 6-markergame. . . . . .. .. ... 128
3.6.3 Strategy for the 5—-markergame. . . . . .. .. ... 130
3.6.4 Strategy for allmarkergames . . . . . ... ... .. 131
3.7 Misére Nim. . . . . . . . e 132
3.8 ReverseNim. ... .. ... ... ... ... 133
3.8.1 HowtoreverseNim. .. ... ............. 133
3.8.2 Howto play Reverse Misere Nim . . . . ... .. .. 135
3.9 Summary and Perspectives. . . . ... ... ... 135
3.10 Supplementarymaterial. . . . . .. ... ... ... ..... 136
3.10.1 Another analysis of the game of Nim . . . . . . . .. 136
3.10.2 Grundynumber. . . .. ... ... oo 137
3.10.3 Nim-sumscomputed . . . . .. ... .. ... .... 139
3.10.4 Proof of the Sprague-Grundy theorem . . . . . . . . 139
3.10.5 Why does binary arithmetic keep coming up? . . . . 142
3.10.6 Another solutiontoNim. . . . .. ... ... ..... 143
3.10.7 Playing the Nim game with nim-sums. . . . . . . .. 143
3.10.8 Obituary notice of Charles L. Bouton. . . . .. ... 145
3.11 Answerstoproblems . . . .. ... ... ... .. ... . 147
4 Links 181
4.1 Linkingcircles . . . . . .. ... 182
4.1.1 Simple,closedcurves. . . . ... ... ........ 183
4.1.2 Shoelacemodel. . . ... ... ... ... ...... 183
4.1.3 Linkingthreecurves. . . . ... ... ... ...... 184
4.1.4 3-1and3-2configurations . . .. .......... 185
415 A4-3configuration. . . ... ... .......... 185
4.1.6 Notsoeasy?. ... ... . . . ... 185
4.1.7 Finding therightnotation. . . . . . .. ... .. ... 186
4.2 Algebraicsystems. . . . . . .. ... .. o 188
4.2.1 Some familiar algebraic systems . . . . . ... ... 188
4.2.2 Linking and algebraicsystems. . . . ... ... ... 189
4.2.3 When aretwo objectsequal? . . .. ... ... ... 189
424 Inversenotation. . . .. .. .. ... .. ... ..., 190
4.25 Thelawsofcombination. . ... ... ... ..... 191
4.2.6 Applying our algebra to linking problems. . . . . . . 191
4.3 Returntothe 4-3 configuratian. . . . . . ... ... ..... 192
4.3.1 Solving the 4-3 configuration . . . . .. ... .. .. 192

4.4 Constructing a 5-4 configuratian. . . . . .. .. ... .. .. 194



iv CONTENTS
441 Theplan. . ... .. ... .. ... 194
4.42 \Verification. . . . . ... o o 194
4.4.3 How about a 6-5 configuration?. . . . ... .. ... 195
4.4.4 Improving our notationagain. . . . . .. .. .. ... 196
45 Commutators. . . . . . . ... e 196
4.6 Movingon. . . . . . . . e e e e 197
46.1 Whereweare.. . . . ... ... 198
4.6.2 Constructing a 4-2 configuration.. . . . . . .. ... 198
4.6.3 Constructing 5-2 and 6-2 configurations. . . . . . . 199
4.7 Somemoreconstructions. . . . .. ... Lo 199
4.8 Thegeneralconstruction . . . . ... ... .......... 199
4.8.1 Introducing a subscript notation. . . . ... ... .. 200
4.8.2 Productnotation. . . ... ... ... ... ..., 201
4.8.3 Subscriptsonsubscripts. . ... ... L. 202
4.9 GIroUPS . . . o e e e e e 203
49.1 RigidMotions . . . . .. .. ... e 205
4.9.2 The group of linking operations . . . . .. ... ... 206
4.10 Summary and perspectives. . . . . . .. ... ... 207
411 AFinalWord . . . . . . . . .. 209
4.11.1 As mathematicsdevelops . . . ... ... ...... 209
4.11.2 Agap? . . . . . e e 210
4.11.3 Is our linking language meaningful? . . . . . . . .. 212
4.11.4 Avoidknotsandtwists . . . ... ... ... .. ... 212
4,115 Nowwhat?. . . . . . . .. ... . . .. . . ... ... 214
4.12 Answerstoproblems . .. ... ... ... ... .. L. 215
A Induction 229
A.1 Quitting smoking by the inductive method. . . . . ... ... 230
A.2 Proving a formula by induction . . . .. .. ... ... .. .. 230
A.3 Settingup aninductionproof. . . . ... .. ... ...... 232
A.3.1 Starting the induction somewhereelse . . . . . . .. 232
A.3.2 Setting up an induction proof (alternative method). . 232
A.4 Answerstoproblems. . . ... ... ... L. 235
B Nim, A Game with a Complete Mathematical Theory 239
Bibliography 245
Index 247



List

1  Andrew Wiles

1.1 Checkerboard. . . . . ... ... .. ... 1
1.2 Greek mosaic made with squaretiles.. . . . . .. ... ... 1
1.3 Tiling arectangle withsquares. . . . . .. ... ... .... 2
1.4 Tiling arectangle with four squares?. . . . . .. ... .. .. 3
1.5 Whereisthe smallestsquare?. . . ... ... ... ..... 4
1.6 Where is the smallest square? (Inacorner?). . . ... ... 4
1.7 The smallest square has a larger neighbor.. . . . . . .. .. 5
1.8 The smallest square has two larger neighbors.. . . . . . . . 5
1.9 Possible Neighbor of the smallest square? (Na.). . . . . .. 6
1.10 Two possible neighbors of smallest square? (No.). . . ... 6
1.11 Four possible neighbors of smallest square? (Maybe.) . . . 7
1.12 We try for a five square tiling.. . . . .. ... ... ...... 8
1.13 a, b, ¢, d, and ands are the lengths of the sides of the “squares.”8
1.14 Atilingwithsixsquares? . . . . . . . .. . ... .. ... 9
1.15 Atiling with seven squares? With nine squares?. . . . . . . 10
1.16 Will this nine square tilingwork? . . . . . . .. .. ... ... 10
1.17 Atilingwithninesquares!. . . . .. .. ... .. ... .... 11
1.18 Initial sketch for Arthur Stone’s eleven-square glin. . . . . . 12
1.19 Can you reconstruct this figure from the numbers? . . . . . 13
1.20 Tilingaboxwithcubes. . . . . . ... ... ... ....... 14
1.21 Equilateral triangletiling. . . . . . .. ... ... ....... 15
1.22 Tutteand Stone. . . . . . . . . . ... 16
1.23 Lady Isabel's Casket (from a 1902 English book of pigzle . 17
1.24 The “solution”to Lady Isabel's Casket. . . . . . .. ... .. 18
1.25 More experiments with four squares. . . . . .. ... .. .. 20
1.26 We try for a five square tiling.. . . . . ... ... ... .... 21
1.27 Lengths in terms of sides of 2 adjacent squares for Eigur5.. 22
1.28 Some square lengths labeled for Figure 1.15. . . . . . . .. 22
1.29 Realization of Arthur Stone’s eleven-square tiling.. . . . . . 24
1.30 A 33 by 32 rectangle tiled with nine squares.. . . . . .. .. 25
1.31 Atowerofcubesarourty. . . . ... ... ... ... .... 26
1.32 Sis the smallest triangle at the bottom of the tiling.. . . . . . 27

of Figures



Vi

LIST OF FIGURES
1.33 T is the smallest triangle thattouch&s . . . . . . .. ... .. 27
2.1 Whatis the area of the region inside the polygon?. . . . . . 29
2.2 Apolygononthegrid.. . . . ... ... ... ... .. ..., 31
2.3 Finding a line segmentthat splits the polygon. . . . . . . .. 32
2.4 Atriangulation of the polygonin Figure 2.1.. . . . . ... .. 33
2.5 Triangle with one vertex atthe origin. . . . . . . ... .. .. 34
2.6 Decomposition for the triangle in Figure 2.5. . . . . . .. .. 35
2.7 The polygorP andits triangulation . . . . . .. .. ... ... 37
2.8 Too big and too small approximations. . . . ... ... ... 37
2.9 PolygorP with 5 special points and their associated squares 39
2.10 A“skinny”triangle.. . . . . . ... Lo 40
2.11 Some primitivetriangles. . . . . . . ... ... ... ... .. 42
2.12 Polygons with 4 boundary points and 6 interior points. . . . 43
213 Computeareas. . . . . . . . . i i e e 43
2.14 Splitthe rectangle intotwo triangles.. . . . . .. ... .. .. 44
2.15 Adding together two polygonal regions.. . . . . .. .. ... 46
2.16 Atriangle with a horizontalbase.. . . . . ... .. ... ... 47
2.17 Trianglesin general position.. . . . ... ... ... ..... 48
2.18 PolygorP with border and interior points highlighted. . . . . 49
219 Pick . . . . 50
2.20 A primitive triangulationofapolygon. . . . . . .. ... ... 52
2.21 A starting position forthegame. . . . . . ... .. ... ... 53
2.22 What is the area of the polygonwitha hole? . . . . . . . .. 56
2.23 Rectangl® with one rectangularhold. . . . ... ... ... 57
2.24 Random lattice. . . . . . . .. ... ... 60
2.25 Triangle on arandom lattice. . . . . ... ... ... ..... 61
2.26 Primitive triangulation of the triangle in Figure 2.25 . . . . . 61
2.27 Sketch a primitive triangulation of the polygon.. . . . . . . . 62
2.28 Archimedes’s puzzle, called the Stomachion. . . . . . . .. 63
2.29 First quadrant unobstructed view frg®0). . . . . ... . .. 64
2.30 The six line segments that split the polygon. . . . . . . . .. 66
2.31 Anothertriangulationd®?. . . . . . ... ... ... ... .. 68
2.32 Obtuse-angled trianglewith a horizontal base. . . . . . . .. 76
2.33 Acute-angled triangl€ with a horizontal base.. . . . . . . .. 76
2.34 Triangles whose base is neither horizontal nor vértica. . . . 77
2.35 Whatistheareainsid®. . . . .. .. ... .......... 78
2.36 Findingthelinesegmeht . . . . . ... ... ... ...... 79
2.37 Afinal positioninthisgame. . . . . ... ... ... ..... 80
2.38 Polygonwithtwoholes.. . . . . .. ... ... ........ 86
2.39 Several primitive triangulations of the polygon.. . . . . . . . 90
2.40 Archimedes’s puzzle, called the Stomachion. . . . . . . .. 91



LIST OF FIGURES vii

3.1 AgameofNim.. .. .. ... ... .. .. .. ... ... 95
3.2 Careforagame? . ... .. ... .. .. ... .. ... 96
3.3 Agamewithtwo markersat4and9. . ... .. ... .... 98
3.4 The ending position in a game with two markers.. . . . . . . 99
3.5 Agame with three markersat4,9,and 12.. . . . . ... .. 99
3.6 The ending position in a game with three markers.. . . . . . 100
3.7 Positioninthecoingame.. . . . . . ... ... .. ...... 108
3.8 The same position in the coin game with binary bits.. . . . . 109
3.9 Amoveina5<3gameofbinarybits. . . .. .. ... .. .. 110
3.10 Which positions are balanced?. . . . . . .. .. ... .... 110
3.11 Which positions are balanced?. . . . . . .. .. ... .... 111
3.12 Which positions are balanced?. . . . . . ... .. ... ... 111
3.13 Agameof Nim.. . . . . .. ... ... .. .. ... 113
3.14 CoinssetupforagameofKayles.. . . . ... ... ..... 114
3.15 The positiori1,2,5,7,11) displayed in binary. . . . . . .. .. 125
3.16 The movél 2,5,7,11)~~ (1,2,5,7,1) displayed in binary. . . 125
3.17 Gaps in the 3—marker game with markers,&8,4and 13. . . . 127
3.18 Gaps in the 4—marker game with markers,a® 20, and 30.. 128
3.19 The three key gaps in the 6—-markergame.. . . . . ... .. 129
3.20 The 6—marker game with markers a7/512, 15, 20, and 24. . 130
3.21 The 5-marker game with markers atl®, 14, 20 and 22. . . . 131
3.22 An8—markergame. . . . . . . ... Lo e 132
3.23 Last YearatMarienbad . . . ... ... ... ... L. 132
3.24 A Reverse Nimgamewith4piles.. . . .. .. ... ..... 133
3.25 Two perspectives on Reverse Nim game with 4 piles.. . . . 134
3.26 Playing the associated 7—pile Nimgame.. . . . .. ... .. 134
3.27 Afterthe balancingmove.. . . . . .. .. ... ... ..... 134
3.28 Anadditiontablefo®. . . . . ... . ... o oL 140
3.29 The game of 18 is identical to tic-tac-toe . . . . .. ... .. 148
3.30 The card game is identical to tic-tac-tae. . . . . .. ... .. 149
3.31 Balancing numbers for 2—pile Nim.. . . . . .. .. ... ... 151
3.32 Apositioninthecardgame. . . . . ... ... ... ..... 156
3.33 Anoddposition. . . . . ... L 158
3.34 How to change an odd position to an even position.. . . . . 159
3.35 Apositioninthe numbersgame.. . . . .. ... ... .... 160
3.36 Playingthe numbersgame.. . . . . .. ... ... ...... 161
3.37 Apositioninthewordgame. . . . . .. ... ... ... 162
3.38 Balancing that same position in the word game. . . . . . . . 162
3.39 Asequence of movesinagameofKayles.. . . .. .. ... 164
3.40 The same sequence of moves in a game of Kayles.. . . . . 165
3.41 Positionsinthegamé&,2,3). . . . ... ... ... .. .... 166
3.42 Sprague-Grundy numbers for 2—pile Nim.. . . . . . ... .. 174



viii

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9
4.10
4.11
4.12
4.13
4.14
4.15
4.16
4.17
4.18
4.19
4.20
4.21

LIST OF FIGURES

Borromean rings (three interlinked circles).. . . . . . .. .. 181
BallantineAle. . . . . . . . . . ... ... .. 182
Fourcircles.. . . . . . . . . . . . . 182
Simple curves, closed curvesornat? . . .. ... ... ... 183
Equipment for makingmodels.. . . . .. .. ... ... .. 184
Coleand Evawithmodel.. . . . . . ... ... ... ..... 187
AB: First rotate the triangl€, then translate.. . . . . .. ... 205
BA: First translate the trianglg, thenrotate. . . . . . . . . .. 206
Atslipsoff”C. . . .. . ... 210
Projections of squaresonth@xis. . . . ... ... ... ... 211
This curve can be transformed intoacircle. . . . . .. ... 213
Curve with “ear-like”twists.. . . . . ... .. ... .. .... 213
ISC=AA1? . 214
The three curves are linked inpairs.. . . .. ... ... ... 215
A shoelace model of a 3—1 configuration.. . . . .. .. ... 216
Start with two separated circles for Problem 166. . . . . . . 216
Weave the curve throughthecircles. . . . . .. .. .. ... 217
Cut away the circleontheright. . . . . ... ... ... ... 218
Cut away thecircleontheleft. . . . . ... ... ... .... 218
APBARP. . . 219

ABBPAP 220



